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Abstract: In this paper, we use the matrix model of pure fundamental flavors
(without the adjoint field) to check the Seiberg duality in the case of complete mass
deformation. We show that, by explicit integration at both sides of electric and
magnetic matrix models, the results agree with the prediction in the field theory.
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Motivation Since Dijkgraaf and Vafa gave the matrix model conjecture [1, 2, 3],
there are a lot of related works to check, prove and generalize this conjecture, see
[4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. Especially in
[15] and [23], field theory arguments have been given to show why the calculation of
exact lower energy superpotential can be reduced to integration in the corresponding
matrix model.
The matrix model conjecture holds for more general cases than the one proved
in [15, 23] although the primary focus is still the theory with adjoint fields. The
generalization to fundamental fields has been discussed in [14, 13, 16, 18, 19]. These
kinds of generalizations are desired because most applications in field theory will have
fundamental matters. One particular interesting application is to see the Seiberg
duality [26] in the matrix model.
The standard example of Seiberg dual pair is following. On one side, we have
electric theory SU(Nc) with Nf flavors Qj , Q˜j and no superpotential. On another
side, we have magnetic theory SU(Nf − Nc) with Nf flavors qj , q˜j , meson field X
j
i
and superpotential
Wmag =
1
µ
X
j
i qj q˜
i. (1)
where µ is a dynamical scale [27] (equation (3.125)). In general cases, these two
theories will have flat directions in the moduli space, so when we try to do the matrix
model integration, we must take care of these zero modes as did by Berenstein[11].
To avoid the complexity, we can deform above theories by adding mass terms. For
example, in the electric theory we add superpotential with non-degenerated mass
matrix1
Welec =
Nf∑
j=1
QjmjQ˜
j (2)
Since we give all flavors nonzero mass in the electric theory, the IR field theory will
be pure super Yang-Mills theory and we know the exact effective action as
WYM = Nc(Λˆ
3Nc)
1
Nc (3)
where Λˆ is the dynamical scale at IR and related to dynamical scale Λ at UV by
Λˆ3Nc = det(m)Λ3Nc−Nf (4)
The deformation in the electric theory will induce the corresponding deformation in
the magnetic theory as
Wmag =
1
µ
X
j
i qj q˜
i + tr(Xm) (5)
1We can always redefine the field to bring the mass matrix into diagonal form.
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Matrix integration Now we will do the matrix integration for both electric and
magnetic theories. Let us do the electric theory first. The matrix model is
1
V ol(U(M))
∫ Nf∏
j=1
dQjdQ
†
je
− 1
gs
∑Nf
j=1 QjmjQ
†j
(6)
where every Q is a M component vector and Q˜ in the field theory has been treated
as a conjugate of Q [2]. The part of flavor integration is
∫ Nf∏
j=1
dQjdQ
†
je
− 1
gs
∑Nf
j=1 QjmiQ
†
j =
Nf∏
j=1
(
pigs
mj
)M
= (pigs)
MNf (det(m))−M = eMNf log(pigs)−M log(det(m))
Except that, there is also the volume factor e
M2
2
logM . Adding everything together
we get
exp(
M2
2
logM +MNf log(pigs)−M log(det(m))
= exp(
1
g2s
S2
2
log
S
gs
+
1
gs
[SNf log(pigs)− S log(det(m))])
≡ exp(
1
g2s
Fχ=2 +
1
gs
Fχ=1)
where we have grouped all term according to the genus expansion. From the corre-
sponds given in [3, 13], we should identify
−Welec = Nc
∂(S
2
2
log S
gs
)
∂S
+ [SNf log(pigs)− S log(det(m))] (7)
In the matrix model, S,M are dimensionless number, but in field theory, S is di-
mension 3. To match the field theory result, we need to replace gs by some proper
dimensional number heuristically. For example, we need to replace S
gs
to S
Λ3e3/2
to
reproduce the well known Veneziano-Yankielowicz term. Same heuristic argument
tell us that pigs in the second term must be replaced by dimension one number which
can be chosen naturally as Λ2. Doing these replacements we get
−Welec = Nc
∂(S
2
2
log S
Λ3e3/2
)
∂S
+ [SNf log(Λ)− S log(det(m))]
= Nc[S log
S
Λ3
− S] + [SNf log(Λ)− S log(det(m))]
= Nc[S log(
S
(Λ3Nc−Nfdet(m))
1
Nc
)− S]
2In fact, these results can be got by proper definition of measure as in [8, 23].
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Minimized it we get S = (Λ3Nc−Nfdet(m))
1
Nc and
Welec = Nc(Λˆ
3Nc)
1
Nc = Nc(Λ
3Nc−Nfdet(m))
1
Nc (8)
which is the famous Affleck-Dine-Seiberg superpotential for pure U(N) Yang-Mills
gauge theory. Notice that the equation (4) is naturally shown in the matrix model.
Furthermore, in our calculation, we keep Nf fixed while taking M →∞.
Now we do the matrix model integration for the magnetic theory
1
V ol(U(N))
∫
dX
∏
j
dqjdq
†
jexp(
−1
gs
[tr(mX) +
Nf∑
i,j=1
1
µ
X
j
i qjq
†i]) (9)
where X is Nf ×Nf matrix and q is N component vector. Doing the X integration
first, we get a delta-function
δ(mij +
qjq
†i
µ
) = µN
2
f δ(µmij + qjq
†i) (10)
Now the remainder part is exact the integration given in [19] ( equation (6) with
−µm taking the place of X there. Furthermore, since we always take large N limit
with fixed Nf , there is not problem to apply their result.), so we just cite their result
Wmag = (N˜c −Nf )(
Λ˜3N˜c−Nf
det(−µm)
)
1
N˜c−Nf (11)
where we use tilde to emphasize that it is in the magnetic theory. Using the result
N˜c −Nf = −Nc, det(−µm) = (−)
NfµNfdet(m) and
Λ3Nc−Nf Λ˜3N˜c−Nf = (−)Nf−NcµNf , (12)
which can be found, for example, in [27]. we get immediately
Wmag = Nc(Λ
3Nc−Nfdet(m))
1
Nc (13)
where the − sign in front of (11) is canceled exactly by factor (−)Nc . Comparing
(8) and (13) we see that they are same. Thus we give an example to show how the
matrix model can see the Seiberg duality.
We must emphasize that we did not realy derive the Seiberg duality from the
matrix model because the Seiberg duality holds in general situations even without
any mass deformation. We feel that to address the full Seiberg duality, we must
understand how to do the matrix integration when there is flat directions in moduli
spaces along the line [11]. Obviously, work should be generalized to other generalized
Seiberg duality, for example, the toric duality addressed in [28, 29, 30, 31, 32, 33, 34].
3
Acknowledgements We deeply thank Nathan Seiberg for suggesting the mass de-
formation. We also like to thank Vijay Balasubramanian, David Berenstein, Freddy
Cachazo, Joshua Erlich, Yang-Hui He, Min-xin Huang, Vishnu Jejjala and Asad
Naqvi for fruitful discussion. This research is supported under the NSF grant PHY-
0070928.
References
[1] R. Dijkgraaf and C. Vafa, “Matrix models, topological strings, and supersymmetric
gauge theories,” Nucl. Phys. B 644, 3 (2002) [arXiv:hep-th/0206255].
[2] R. Dijkgraaf and C. Vafa, “On geometry and matrix models,” Nucl. Phys. B 644, 21
(2002) [arXiv:hep-th/0207106].
[3] R. Dijkgraaf and C. Vafa, “A perturbative window into non-perturbative physics,”
arXiv:hep-th/0208048.
[4] N. Dorey, T. J. Hollowood, S. P. Kumar and A. Sinkovics, “Massive vacua of N = 1*
theory and S-duality from matrix models,” arXiv:hep-th/0209099.
[5] N. Dorey, T. J. Hollowood, S. Prem Kumar and A. Sinkovics, “Exact superpotentials
from matrix models,” arXiv:hep-th/0209089.
[6] N. Dorey, T. J. Hollowood and S. P. Kumar, “S-duality of the Leigh-Strassler defor-
mation via matrix models,” arXiv:hep-th/0210239.
[7] L. Chekhov and A. Mironov, “Matrix models vs. Seiberg-Witten/Whitham theories,”
arXiv:hep-th/0209085.
[8] F. Ferrari, “On exact superpotentials in confining vacua,” arXiv:hep-th/0210135.
[9] H. Fuji and Y. Ookouchi, “Comments on effective superpotentials via matrix models,”
arXiv:hep-th/0210148.
[10] R. Dijkgraaf, S. Gukov, V. A. Kazakov and C. Vafa, “Perturbative analysis of gauged
matrix models,” arXiv:hep-th/0210238.
[11] D. Berenstein, “Quantum moduli spaces from matrix models,” arXiv:hep-th/0210183.
[12] A. Gorsky, “Konishi anomaly and N = 1 effective superpotentials from matrix models,”
arXiv:hep-th/0210281.
[13] R. Argurio, V. L. Campos, G. Ferretti and R. Heise, “Exact superpotentials for theo-
ries with flavors via a matrix integral,” arXiv:hep-th/0210291.
[14] J. McGreevy, “Adding flavor to Dijkgraaf-Vafa,” arXiv:hep-th/0211009.
[15] R. Dijkgraaf, M. T. Grisaru, C. S. Lam, C. Vafa and D. Zanon, “Perturbative Com-
putation of Glueball Superpotentials,” arXiv:hep-th/0211017.
4
[16] H. Suzuki, “Perturbative Derivation of Exact Superpotential for Meson Fields from
Matrix Theories with One Flavour,” arXiv:hep-th/0211052.
[17] F. Ferrari, “Quantum parameter space and double scaling limits in N=1 super Yang-
Mills theory,” arXiv:hep-th/0211069.
[18] I. Bena and R. Roiban, “Exact superpotentials in N=1 theories with flavor and their
matrix model formulation,” arXiv:hep-th/0211075.
[19] Y. Demasure and R. A. Janik, “Effective matter superpotentials from Wishart random
matrices,” arXiv:hep-th/0211082.
[20] M. Aganagic, A. Klemm, M. Marino and C. Vafa, “Matrix Model as a Mirror of
Chern-Simons Theory,” arXiv:hep-th/0211098.
[21] R. Gopakumar, “N = 1 Theories and a Geometric Master Field,” arXiv:hep-
th/0211100.
[22] S. Naculich, H. Schnitzer and N. Wyllard, “The N = 2 U(N) gauge theory prepotential
and periods from a perturbative matrix model calculation,” arXiv:hep-th/0211123.
[23] F. Cachazo, M. R. Douglas, N. Seiberg and E. Witten, “Chiral Rings and Anomalies
in Supersymmetric Gauge Theory,” arXiv:hep-th/0211170.
[24] R. Dijkgraaf, A. Neitzke and C. Vafa, “Large N Strong Coupling Dynamics in Non-
Supersymmetric Orbifold Field Theories,” arXiv:hep-th/0211194.
[25] Y. Tachikawa, “Derivation of the Konishi anomaly relation from Dijkgraaf-Vafa with
(Bi-)fundamental matters,” arXiv:hep-th/0211189.
[26] N. Seiberg, “Electric - magnetic duality in supersymmetric nonAbelian gauge theo-
ries,” Nucl. Phys. B 435, 129 (1995) [arXiv:hep-th/9411149].
[27] P. C. Argyres, “Introduction to supersymmetry”, Course note.
[28] B. Feng, A. Hanany and Y. H. He, “D-brane gauge theories from toric singularities
and toric duality,” Nucl. Phys. B 595, 165 (2001) [arXiv:hep-th/0003085].
[29] B. Feng, A. Hanany and Y. H. He, “Phase structure of D-brane gauge theories and
toric duality,” JHEP 0108, 040 (2001) [arXiv:hep-th/0104259].
[30] B. Feng, A. Hanany, Y. H. He and A. M. Uranga, “Toric duality as Seiberg duality
and brane diamonds,” JHEP 0112, 035 (2001) [arXiv:hep-th/0109063].
[31] B. Feng, S. Franco, A. Hanany and Y. H. He, “Symmetries of toric duality,” arXiv:hep-
th/0205144.
[32] F. Cachazo, B. Fiol, K. A. Intriligator, S. Katz and C. Vafa, “A geometric unification
of dualities,” Nucl. Phys. B 628, 3 (2002) [arXiv:hep-th/0110028].
5
[33] C. E. Beasley and M. R. Plesser, “Toric duality is Seiberg duality,” JHEP 0112, 001
(2001) [arXiv:hep-th/0109053].
[34] D. Berenstein and M. R. Douglas, “Seiberg duality for quiver gauge theories,”
arXiv:hep-th/0207027.
6
